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The problem to be solved

MRI image d

N voxels
T
d=(di,....dy)
dyn: intensity in voxel n K: number of classes
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One solution: generative modeling

- Formulate a statistical model of image formation

p(1]6:) p(d|l,04)
I >
“labeling “Imaging
mode]” - model” TSRS
Label image 1 MRI image d

- The model depends on some parameters 8 = (B,ET, BE)T
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Segmentation = inverse problem
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Segmentation = inverse problem

Label image 1

\_@:)Fi = arg Hli'i}{p(l‘dj 0)

Bayesian inference
- Play with the mathematical rules of probability
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A?

Gaussian mixture model

p(116:)
I
“labeling

model”

v ¥
Label image 1

— Assign a label to each voxel independently
- Probabillity of assigning label k£ is 7

1‘95 Hﬂ'gﬂ : 932(?1’1?...?'?1";{)
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Gaussian mixture model

p(d‘l, Bd)

“Imaging ‘
model” Ao

MRI image d

- Draw the intensity in each voxel with label k£ from a2
Gaussian distribution with mean (x and variance o

p(d|],04) = | [ N(dnlpu, 07),  64= (u1,... px,0%,. ..

d|p, 0?) = -
N (i, %) V2mro? exp[ 202 }

Aalto-yliopisto
Aalto-universitetet

B  Aalto University



Gaussian mixture model

— histagram

== yhite matter

= [ =" grey matter

----- CaF

= t0tal mixture model

K = 3 labels
(d\ﬁ H (ZN n‘,uh gk)wk)
n
0 = (Iila---:!Jff«:ﬂ%a-”g?ﬁf"rlv-'r'”f‘f)T
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Gaussian mixture model

- Apply Bayes’ rule:  p(l|d, 0) = Hif}(l-n,\d-n,:. 0)

p(lﬂ ‘dn? 9) X N(dﬂ ‘)u"’f-n, y G_fn ) ?T'E-n.
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Gaussian mixture model

— histogram

== yhite matter

| = grey matter

----- CaF

= total mixture mocel

white matter

1=

arg mlaxp(l|d?9) = arg max p(l,|dy,,0)

El’iii’ J_'\J'_
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Today's lecture

— histogram

= = white matter

- | == grey matter

----- CSF

= total mixture model

@)

How to obtain @ = (ju1, ... HU;K.}J%:, . ..(Tiq’frl? . ,?TK)T
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Today's lecture

— histogram
= = white matter
- | = grey matter n
----- CSF

= total mixture model

How to obtain @ = (1, ... F;JEKTJ%,, . ..crf{??rl, . ,?TK)T
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How to obtain model parameters?

— Click manually on some representative
points for each label

- “Train once, apply forever”

- Doesn't work well in MRI:
v different imaging protocols

v different scanner platforms (make,
version)

v software/hardware upgrades

v
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How to obtain model parameters?

— Click manually on some representative
points for each label

- “Train once, apply forever”

- Doesn't work well in MRI:
v different imaging protocols

v different scanner platforms (make,
version)

v software/hardware upgrades

v

Let’s estimate the model parameters
automatically from each individual scan
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Parameter optimization

Estimate the maximum
likelihood parameters:

log p(d|6) 6 — arg 1113}{;{}((1\9)
A
— arg 11]51}{ log p(d|0)
"6
0
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log p(d|6)

Parameter optimization
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Estimate the maximum
likelihood parameters:

6 = arg 1113}{;{}((1\9)

%x log p(d|6)

Task:

’9 1. Is this valid? Could | use sine() instead

of log()?
2. Benefit? Hint: compute (0.01)*1000 in
Matlab/Python

A
94

0/




Parameter optimization

Expectation Maximization
(EM) algorithm:

log p(d|@) - Repeatedly maximize a
A lower bound to the objective
function
"0
0

Aalto-yliopisto
Aalto-universitetet

B  Aalto University



Parameter optimization

Expectation Maximization
(EM) algorithm:

log p(d|0) - Repeatedly maximize a
A lower bound to the objective
function
|
"0
0 0
(current
estimate)
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Parameter optimization

Expectation Maximization
(EM) algorithm:

- Repeatedly maximize a
lower bound to the objective
function

—

0

(current
estimate)

)
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Parameter optimization

Expectation Maximization
(EM) algorithm:

log p(d|0) - Repeatedly maximize a
A lower bound to the objective
function

>
D)

(current
estimate)
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Parameter optimization

Expectation Maximization
(EM) algorithm:

- Repeatedly maximize a
lower bound to the objective
function

—

0

(current
estimate)

)
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Parameter optimization

Expectation Maximization
(EM) algorithm:

log p(d|0) - Repeatedly maximize a
A lower bound to the objective
function
0
o 0
(current
estimate)
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Parameter optimization

Expectation Maximization
(EM) algorithm:

- Repeatedly maximize a
lower bound to the objective
function

—

0

(current
estimate)

)

Aalto-yliopisto
Aalto-universitetet
B  Aalto University



Parameter optimization

Expectation Maximization
(EM) algorithm:

- Repeatedly maximize a
lower bound to the objective
function

00
(current
estimate)

Aalto-yliopisto
Aalto-universitetet
B  Aalto University



Parameter optimization

Expectation Maximization
(EM) algorithm:

- Repeatedly maximize a
lower bound to the objective
function

- Guaranteed to never move
In a wrong direction!

00
(current
estimate)
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Constructing the lower bound

log(x)

log([]_él_jgl + 06;,32) ................................................................
0.4 ]og(:gl) + 0.6 ]Og(;gz )_ ...........................

X 0.4:‘:1 +0.6:‘:E Lo

Extends easily to more  log ( Z WETk) > Z wi, log(zk)

than two variables k k

(Jensen’s inequality): wp > 0,Vk and Y wy =1
_.I;_‘.
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Constructing the lower bound

d‘a ZIOQ(Z dn/ik;g%)?’%)

log p(d|0)

current =

A Aalto-yliopisto estimate
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Constructing the lower bound

TL’ -It

2
log p(d|) = Zlog(z N (d ”i;gk)ﬁk]“f';;)
n k

log p(d|6)

current =

A Aalto-yliopisto estimate
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Constructing the lower bound

2
log p(d|6) = > log (Z A dnlise “"W]wﬁ)

log p(d|6)

A

w}:}

n k N(d ‘ 2)
, m s O ) T
> E E Wy, log( nlf 0k )
w
i k k

wy, > 0,Vk,n and E wy, = 1,Yn
k

Question: are random weights

current =
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Constructing the lower bound

2
log p(d|6) = > log (Z A dnlise “"W]wﬁ)

w}:}

n k N(d ‘ 2)
, m s O ) T
> E E Wy, log( nlf 0k )
w
i k k

log p(d|6)

A

wy, > 0,Vk,n and E wy, = 1,Yn
k

.
+"
*
0
Q
Q
g
Q
g
U
y
g

current =
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Constructing the lower bound

log p(d|) = Zlog(z N ( pigh)Tk]ﬂfE)

TL’ -It

- N (dn| g, 03) mh
SHRIHC
n ke v

log p(d|0) |
A wy, > 0,Vk,n and E wy, = 1,Yn
k
"
DT M >
E I — (0
current = PN
A Aalto-yliopisto eStimat69 9
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Constructing the lower bound

log p(d|) = Zlog(z N ( H'I;’Uh)TL]HJE)

w I

. N(d \;Lk,{:r%)'?rk
DT m( .
T k

log p(d|@ _
A( 9) wy, > 0,Vk,n and E wy, = 1,Yn
./
T M > —ﬂ
C IE— 0
current = PN
estimate 0
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Constructing the lower bound

The lower bound touches the objective function at the
current parameter estimate if w; o N (d,|f, 67) e

log p(d|6)

current =

9 Aalto-yliopisto estimate
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Constructing the lower bound

The lower bound touches the objective function at the
current parameter estimate if w; o N (d,|f, 67) e

current =

)
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Maximizing the lower bound

Lower bound:

Z [Zw}: log (N(dnﬁg 747 )] = —% Z [()‘iﬁ Z wi (dp — pi)” + (ng
k

n k

R
.

new g P

estimate
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Maximizing the lower bound

Lower bound:

k

T

. N(d, |y, o2)m 1 1 .
E [E wy, log ( ( ‘ﬂf‘; k) k)] = -3 E [? E wy, (dy, —pﬂk)Q + (
k L k

+ Z (ng‘) logme| + C
k T
log p(d6)
A
= Task: ?
g 6 e K G 9
1. What is ft1?

new g P

estimate

2. What is &7 ?

3. What is m..?

J/
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Maximizing the lower bound

Lower bound:

N (dn|pr, 03)m 1 1 2 n 9
; [Zk:wk log ( wr = 3 Zk: 0_§ Z wy (dp — pk)” + ;wk log o,
(Z w}:‘) log 7y

+ C

4
-]

. >, wedy

Zn o ;,1
//‘ (9 ¢ ZTL ’UJE (dn — ﬁ’k )2
> 00 4 >, W

new g ’)

N
estimate N
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Parameter optimizer summarized

Classify the image voxels

according to the current

parameter estimate
(“E-step”)
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Parameter optimizer summarized

Update the parameter

estimate based on the

current classification
(“M-step”)
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Parameter optimizer summarized

classify - Repeatedly apply closed-
form parameter updates

— Each iteration improves
the log likelihood

update mlxtme model
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Example

I I I T T T T T T
— histogram
= = white matter
- | = grey matter n
----- CSF
= total mixture model

initialization
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A
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Example

— histogram
= = white matter
== grey matter
----- CSF

— total mixture mocel

after one iteration



Example

1 I I 1 1 I I 1
— histogram
= = white matter
- | = grey matter
----- CSF
= total mixture model

after 10 iterations
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Example

— histogram

= = white matter

- | = grey matter

----- CSF

= total mixture model

after 30 iterations
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A
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Example

I I I I
— histogram

= = white matter

- | =" grey matter

----- CSF

= total mixture model

white matter




MRI “bias field” artifact

- Imaging artifact in MRI
— Smooth intensity variations across the image area

MRI data

after intensity windowing...

Aalto-yliopisto
Aalto-universitetet
B  Aalto University



A?

Aalto-yliopisto

MRI “bias field” artifact

- Depends on the object being scanned
— More pronounced on high-field scanners

1.5 Tesla 3 Tesla 7 Tesla
scanner scanner scanner
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MRI “bias field” artifact

Causes segmentation errors with our segmentation
procedure so far...
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MRI “bias field” artifact

Causes segmentation errors with our segmentation
procedure so far...
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Generative model

p(116:) K p(d|l, 64)

L el B8

“labeling “imaging |
model” model” AW

Label image 1 MRI image d
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Improved imaging model

p (d ‘ 1: gd)
o
“Imaging
model”

MRI image d
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Improved imaging model

p(d[L,84)
o
“imaging 2 [_ |
model” Ao
MRI image d

old model
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Improved imaging model

p(d‘l, Bd)
[
“Imaging
model”

MRI image d

+ !

parametric bias
field model

old model
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Bias field model

Linear combination of M smooth basis functions

M

bn — Z cm(bnm

m=1

ﬁfl’nm : value of the mth basis function in voxel T

T . .
cC = ((::1, e, C M) : parameters of the bias field model
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Bias field model

0.16 x + 0.15 x + 0.39 x + 0.42 x
+ 0.13 x + 0.54 x + 0.07 x + 0.62 x
+ 0.01 x + 0.19 x + 0.04 x + 0.14 x

+ 0.24 x + 0.14 x + 0.08 x
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Parameter optimization

- Bias field parameters are part of the model parameters

- Parameter optimization with a Generalized Expectation
Maximization (GEM) algorithm

log p(d|6)

4 - Repeatedly improve a

lower bound to the log
likelihood function

, — Still guaranteed to never
6 move in a wrong direction!

—

0

(current
estimate)

)
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Constructing the lower bound

— Same derivations as before

- The lower bound touches the
objective function at current
parameter estimate if w; o N (dn — ) o)

T

~ ~2\ ~
pﬂ;f,gk) T

m

log p(d|6)

current é-
estimate
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Improving the lower bound

8 o Zn ‘HJE(dn o Zm Emd)gl)

— =) S JI
00 >, Wy
{;}2 « Zn “;E(dﬂ o Zm E'm(/b:iz - »ﬁk)z
k .
>, Wy
log p(d|@) F D WE
A N
"0

D
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Improving the lower bound

ﬂ =0 = [ < 2 Wk Z"Qm

06 Zﬂ wy
(}2 — Zn ?Ug(dﬂ - Zﬂgl _ oﬁ‘k)g
k _
D, Wy
log p(d|0) 7 2 Wi
A N
"6

DO
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Improving the lower bound (cont.)

¢« (d'S®)"'®'Sr

\ v cf. linear regression

v smoothing operation

1 e 1
®1 @3 D
b = ) _
N oy N
\ o1 P2 Pn /
di — d
n HI.{: n 7 Zk SE!{}}L { : . 1
Sk = =5 snzzgk S = diag(sy), d, = —, = ;
O >k Sh Lo
& dy — dy
N —
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Improving the lower bound (cont.)

¢« (d'S®)"'®'Sr

\ v cf. linear regression

v smoothing operation

11 1 1
/ O Q3 .. Dy \
2 B -

r 2

N N N
\ ol o ... o/

[y > (@)
S = i Sy = sy, 8 =diag(s,), d,= & r = :
” -

e ST de_dN}
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E-step
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M-step part 1: distribution estimation
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M-step part 2: bias field estimation
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M-step part 2: bias field estimation
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M-step part 2: bias field estimation

weighted
smoothing
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Parameter optimizer summarized

- Repeatedly apply closed-

update bias field orm parameter updates

\ — Each iteration improves the
likelihood

classify

update mixture model
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Example

MRI data Estimated bias field

Bias-corrected MRI data
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Example

MRI data

White matter without
bias field model

White matter with
bias field model

Estimated bias field
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Example

MRI data

White matter without
bias field model

White matter with [ty
bias field mode| [t

Estimated bias field
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