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Spatial transformations

“moving” image

= (Y1,---,yD)"
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Spatial transformations

U1 (X, W)
y (%, w) = :
yD(Xv W)




Spatial transformations

n (X, W)

yD(Xv W)

“fixed” image “moving” image

x=(a:1,...,:1:D)T - yz(’yl:---a?JD)T
Ya(x, w)
controls how points X in the fixed image
A’, Al Dt orsitatet move along the d-th direction in the moving image

B Aalto University as the parameters w are varied




Spatial transformations

affine
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Spatial transformations

affine
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Affine transformation

y(x,w)=Ax+t

a a2
A b1 ’ and t=
a1 a22 to
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Affine transformation

y(x,w) =Ax+t

a a2
A b1 ’ and t=
a1 a22 t2

Ya(x, Wq) =tqg+aq121+ ... + a4 pxp

wq = (td,ad1,---,04.D) "
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Affine transformation

[ y(x,w) =Ax+t }

1.0 0.0

? Aalto-yliopisto A =
Aalto-universitetet 0 0 1 0
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Affine transformation

[ y(x,w) =Ax+t }

1.4 0.0

? Aalto-yliopisto A =
Aalto-universitetet 0 0 1 0
B Aalto University . .

)

23



Affine transformation

[ y(x,w) =Ax+t }




Affine transformation

y(x,w)=Ax+t

A= , t=
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Affine (linear) transformation...

Ax +t

y(x,w)

+ a4, pTp

yd(Xa Wd) =tq+aqg1c1+ ...
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...VS. honlinear transformation

- 1717
y(x,w) =x+ d(x, W) S
T
/ \
I
4 M—1
yd(x, Wd) =Zq+ 5d(X, Wd) with 5d(X, Wd) = Z wd,mqu(x)
T m=0
w4 = (Wq,0,- .- Wa,M—1)
A Aalto yI
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u AItU



...VS. honlinear transformation

“residual deformation” ]
\ - 7
|y ) |

111}

| |
|

H{

M-1
ya(X, Wq) = zq + 0g(x,Wq) with  Jq(x,wa) = ) wd,
T m=0
wg = (Wd,0,- .. Wd M—1)
Aalto ylop t
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nonlinear basis
functions



moving image
M(y)

X, W))

y

(

M

interpolated moving image
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direction 1

d1(x, W)

direction 2

do(x, W)
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Focus on intra-modal registration

Images have similar intensity characteristics




Focus on intra-modal registration

Images have similar intensity characteristics
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Numerical optimization

Find transformation parameters w that minimize E(w)




Gauss-Newton optimization

Toy example: 1D and translation only

v transformation model y(z,t) =z +t

v energy: E(t ZE with  E,(t) = [F(z) — M(y($n,t))]2

® moving image
¢ e fixed image
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before optimization




Gauss-Newton optimization

Toy example: 1D and translation only

v transformation model y(z,t) =z +t

v energy: E(t ZE with  E,(t) = [F(z) — M(y($n,t))]2

® moving image
3 L ¢ e fixed image

AI . 0 2 1 6

tyopt

A? y
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after optimization




Gauss-Newton optimization

Idea: for a small deviation € around current estimate of ¢:  M(y(x,,t+¢€)) ~

® moving image

® fixed pixel 3

N y
v Energy: E(t+e)= Z En(t+¢€) with E,(t+¢) = [F(z,) — M(y(zn,t+ 6))]2
= ~ [Fl@n) = M(y(@n,t)) = gn -

Task: what is € minimizing E(t + ¢)?




Gauss-Newton optimization

one basis function
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. after 2 iterations .
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Gauss-Newton optimization

one basis function



Gauss-Newton optimization

one basis function



Gauss-Newton optimization

In real situations, exactly the same idea but:

v D > 1 spatial dimensions

v M > 1 basis functions

D M
My (%n, W+ €)) = M(y(xn, W) + > > (9an®m(xn))€am

d=1 m=0
Solution: € = (\IJT\I!)_llIJTT where W = ( GP | | Gp® )
$o(x1)  o1(x1) ... Pm—1(x1)
and B Cbo(xz) Cbl(x2) ¢M—1(X2)

Aalto-universitetet

? Aalto-yliopisto . . . .
A- Aalto University QbO(XN) le(XN) e GBM—I(XN)



initialization

fixed image interpolated moving image deformation

F(x) M(y(x, w)) (x, w)
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A

fixed image
F(x)
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after 10 iterations

interpolated moving image
M(y(x, w))
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A?

fixed image

F(x)
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after 30 iterations

interpolated moving image

M(y(x, w))
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deformation

o(x, w)




A?

fixed image

F(x)
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after convergence

interpolated moving image

M(y(x, w))

_1+—

deformation

o(x, w)




A?

fixed ir

F(x
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Safety rails...

We have assumed that ¢ is small

v What if it isn't? Energy E(w) could go up instead of down!
v Solution: Levenberg—Marquardt

1
€ = (xpT\p n AI) ol
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