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Why care about smoothness?
Example: image segmentation

MRscan(7Tesla) estimated“biasfield” biasfieldcorrected



Why care about smoothness?
Example: image interpolation



Linear regression
✔ Letdenoteaspatialpositionina-dimensionalspace

✔ Givenmeasurementsatlocations,whatisatanewlocation?
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nonlinearbasisfunctions
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✔ Minimizetheenergy



Smoothing 
Let’s concentrate on one-dimensional (1D) “images”:

✔ Functionsoftheformwherethelocationisascalar

✔ Measurementpointsaredefinedonaregulargrid:

“Denoising”:

✔ Themeasurementsarenoisyobservations

✔ Recovertheunderlyingsignalatthelocations



Smoothing
✔ Weaimtorecoverfrom

✔ Sinceand:

with



Example

M=7basisfunctions
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Example

M=28basisfunctions What happens 

when M=N?



Consider the case                           and    

 

Discuss with your neighbor

Task 1:whatis?

Task 2:whatareand?
       
 Canyouexplain(e.g.,draw)what’shappening?

Task 3:sameastask2butwhen
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Consider the case                           and    

 

Discuss with your neighbor

Task 1:whatis?

Task 2:whatareand?
       
 Canyouexplain(e.g.,draw)what’shappening?

Task 3:sameastask2butwhen

When M=N, 
no smoothing is applied!



Interpolation
Meet the B-spline family:

✔

✔ where

“order”



Use                basis functions:

✔ willpassexactlythroughattheintegerlocations

Interpolation

Order 0:“nearestneighbor”interpolation
(almost)
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Interpolation

Order 1:“linear”interpolation




Use                basis functions:

✔ willpassexactlythroughattheintegerlocations

Interpolation

Order 3:“cubic”interpolation




Going to higher dimensions
Re-arrange pixels in 2D images of size                   into 1D signals of length 
✔ Vectorizetheimagetobesmoothedorinterpolated

✔ Alsovectorizeeachofthe2Dbasisfunctions

Solvetheresulting1Dproblemasbefore



Separable basis functions
Create 2D basis functions from two sets of 1D basis functions

✔ Kroneckerproduct:,where

✔ Columnincontainsavectorizedversionof



Separable basis functions

= x 



Exploiting separability
✔ When,wecancomputefasterasfollows:

where

✔ Asaresult,wecanalsocomputeas:
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Exploiting separability
✔ When,wecancomputefasterasfollows:

where

✔ Asaresult,wecanalsocomputeas:


where

Example: naivelyinterpolatinga256x256image(M=256*256=65,536basisfunctionsin2D!)

Storingtakes32GB,vs.1MBtostorebothand

Invertingisalmost10 million times slowerthaninvertingbothand



Smoothing in 2D

smoothingintherow-direction

smoothinginthe
column-direction



Interpolation in 2D

“nearestneighbor” “linear” “cubic”
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